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ABSTRACT

The capabilities of the maximum likelihood estimator (MLE)
and the maximum entropy method (MEM) in resolving closely spaced
optical point targets are compared using Monte Carlo simulation
.esults for three different examples. It is found that the MEM

is very sensitive to the noise and that the MLE performs better

than the MEM in all examples.
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I. INTRODUCTION

Resolving closely spaced objects (CS0O) is an important task
in optical signal processing, The optical signal is often
subject to blurring by a convolutional function and contamination
by noise so that the workable frequency »andwidth is limited and
hence the resolution of the restored signal is also limited.
Several nonlinear processing techniques have been proposed and
employed with the aim to increase the resolution power [l1]. By
incorporating a priori knowledge that the restored optical
signal must be positive, thosé>techniques are generally able to
extrapolate the signal bandwidth, Among them, the maximum likeli-
hood estimator (MLE) and the maximum entropy method (MEM) are two
common approaches.

The well-known MLE has enjoyed a wide application in the area
of estimation. It has been shown that MLE is asymptotically un-
biased and efficient under certain gemeralconditions. If the
noise is additive gaussian then this estimator becomes equivalent
to the least-square method. The MEM, which was originally developed
to enhance the spectral resolution on short data records (2], is

currently still a topic of interest. Besides spectral analysis,

MEM has been adopted in a number of other areas where resolution

is of great concern.

Early reports seemed to imply the MEM is a method with super



resolution power. However, recent studies have indicated that

its performance degrades significantly in the presence of noise
{31. In (4], it was suggested that the MEM is superior to the MLE
in restoring optical impulse functions although no direct compari-
son was given.

The objective of this report is to compare the capabilities
of MLE and MEM in resolving two optical CSO's. Since an
analytlcal approach to this problem did not appear feasible, the
comparison was based on the average characteristics of the Monte
Carlo simulation results. Three examples which involved different
blurring functions were employed in the simulation study. Of
particular interest was the third example which dealt with the
CSO resolution problem in the environment of a scanning detector
and had been studied in {5] by using MLE. I{ was found that
MLE c¢ould actually resolve the closely spaced optical targets

better than MEM,

Wb ] g
. . ) A
i, .L\MAMMHHWM

[

2
B

bt et W\MWMJL‘LW o il

o L b

it I Ll

ot bl b WL v

St il

calll

o b llh

3
-
2
g
a2
H
=




II. RESTORATION OF OPTICAL IMPULSES USING MLE AND MEM

The problem of optical impulse restoration is illustrated by
Fig. 1., 1In many applications, the optical objects are located so
far away from the sensor that they can be practically regarded
as point targets and represented mathematically by the summation

nf impulse functions,
m

o(x) = iz=:1 a; 8(x=6 ) a;>0 (1)

where m is the number of point targets; a, and Bi are the inten-
sity and position of the ith target. 1In optics, oy is physically
constrained to be positive. The observation is assumed to be

related to the input by

y(x) = O(x)(E>g(x) + n(x) (2)

where g(x) is the blur function and n(x) is an additive white
gaussian noise (WGN): Note that the symbol(:)denotes convoluticn.
Given the observation, the essential problem is to estiamte {ai}
and {Bi}. For the following dizcussion, we will further assume
that m=2 (twoc targets), that j:mgz(x) dx=1 (unit-energy blur
function) and that only discrete samples {yi, i=1, 2,...,N} which

are observed at {xi, i=1, 2,...,N} over the spatial range (-X,X]

are available,

The maximum likelihood estimator finds &i and ﬁi, the estimates

*

The WGN assumption is appropriate when the observation noise is
determined either by circuit thermal noise or by "shot" noise
with very large intensity.
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of a, and Bi by maximixing the likelihood function which is given

PR

by

1 T

%{a,B) = ——N/7 W °XP { —— (Y-Ga) " (¥Y=-Ga)
(2n) 20
n
T

where g=(01,02) B= (B ) , Y= (yl,yz,..,yN) and

g(xl-Bl) g(xl-Bz)
G = . *
q(xN-Bl) g(xN—BZ)

(3)

¢ _is the standard deviation of the WGN. It can be shown that [3]

. -1
a = (cTe) Gy

and E satisfies the following equation,

L(é) = max L(BI'B
T B8
1’72
where

-1

B.) = YIG(GTG) G Y.

LBy,

By defining

) - i =1 o
K(Bi) It ;g;g(xj Bi) yj i=1,2

N
0(81,32) = gg(xj-ﬁl) g(xj-Bz)

we can rewriite (7) as

1

L(B) = —— {KZ(BI) + x?(8,) =20 x(sl)x(ez)}.

1-p

(s5)

(6)

(7)

(8)

(9)

(10)
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To obtain the optimal solutions for é and E using (5) and
{#) in conjuiction with (7) or (10) usually requires a constrained

nonlinear optimization algorithm which is numerically complicated

and camputationally costly. A suboptimal solution is available it

we restraict 51 and 52 to be coincident with *he sampling positiouns

{6]. In this case, § can be found by searching for the global
maximure of (1C0) in a double do-loop fashion over {(xi,xj)} where
the indices are such that 1<i<j<N and the corresponding &i and
g: must be both positive., During the search, the required x(ﬁi),

i=1,2 and (o can be obtained simply by looking up the

1755}
precomputed and stored output sequences of the discrete matched
tilecer and the discrete autocorrelator respectively. If the optimal
sJiution 1is desired the outoput cf this suboptimal approach can :
be fed into a nonlinzar optimization algorithm such as the
Quasi-Newtcn method as the initial guess.,
The maximum entropy method for restoring the optical impulse
function i3 shown in Fig. 2. The MEM, which is a nonparametric

~

approach, finds o(x!, the restored signal, by maximizing 1ts entropy

X ~
H =/ £n o{x)dx {11)

-X

while satisfying the constraint

~ ~X . -jwkx
O(--;»k‘) =/ o(x) e dx. (12)
~X
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O(wk) is obtained from the windowed inverse filter.

b L i

The choice of the window width, Qc, of the inverse filter repre-
sents a compromise between spatial resolution and signal-to-roise ratio

(S¥R), On one hand the window should be made as wide as possible

e il

in order to provide higher spectral resolution. On the other hand,

o

it should be kept as narrow as possible in order to eliminate the

noise effect. The idea of the MEM is to extrapolate, in

AT P e =i

accordance with the principle of maximum entropy, the bandwidth
of the signal at the output of the inverse filter which has
limited the signal bandwidth to the region where SNR is relatively
high.

The solution of (l11l) and (12) has been shown to be given by
(7]
(2x) ™" Yk+1

o(x) = ~X<x<X (13)
2

L st L

K
;- ll + ZY exp{-jk"(2x)-1(x+X)}!
k=1 k !

with the K+1 unknowns {Yk} determined as the solution of the

K+1 Yule-Walker linear egquations
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where w, = kvr(zx)-l

((Uk) ¢ O‘(UJK) \ /l \ YK+l

(0) e o 07wy y) Yy 0

(wg_y) - - 07(0) \v / \ 0/
K

’

~

0% (w

k=%,1,...,K and

k) = 2R,

O(mk) exp (—ijX)E

Note that the width of the window of the invaerse filter is

1/2Kk(2x) "L,

effectively determined by the parameter K and is egqual to

The spatial peaks of 0(x) can be

identified by locating the minima in the denominator of (13).

(14)

(15)

Equation (14) can be solved recursively by using the
revinson algorithm [8].
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III. COMPARISON VIA SIMULATIONS

Three examples were usaed to compare the resolution capabilities
of ¢he MLE and the MEM. Here the resolution capability was evalu-
ated only in terms of parameter estimation performance although
the detection performance should also be considered. We a2ssume
that a priori knowledge of the number of targets {(detection problem)
was available. Since we were more concerned with the positions
of the targets, we compared the two methods in terms of the
performance (standard deviation and bias) of position estimation.

For the purpose of this comparison, the suboptimal implemen-
tation of the MLE as described in the previous section was employed
in the first two examples and the optimal approach in the third
example. The estimation statistics were collected from 100 Monte
Carlo runs. The procedure for the MEM was more complicted bLecause
the output depended on the order of the set of linear equations,
(14), and the number of minima exhibited in the denominator of
(13) was not always exactly equal to 2, the number of targets.

For each order of equations, the first 100 Monte Carlc¢ runs which
displayed two or more minima were used in computing the statistics.
For each of those runs, the loc: tions of two lowest minima were
taken as the position estimates of the two targets, The best esti-
mation performance (minimum estimation variances) among all orders

of equations examined was considered as the performanceof the MEM,
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For each of the three examples, the separation Ax between the

two optical targets as well as the SNR were varied, The SNR was

defined as

N “l"
_ 2
SNRi = ;ii(aig(xj)).J /on (16a)
E ai/(on V Gx) i=1,2 (l6b)

where éx is the spatial sampling step. In all cases, SNR, and
SNR2 were set egual and the two targets were located at
81,82=:Ax/2. Since the configuration of the targets was
symmetrical and the blur functions used in the examples were even
functions, the standard deviations as well as biases of él anc 52

were expected to be asymptotically egqual. Therefore only the

average value was used to characterize the estimation accuracy.

Example 1:

r 2 -L‘ 2
g(x) = (mo™) expl-%(x/0) 1,0 = 10

ﬁ N (sample size) = 128 (17)

The blur function in this example whizch is similar to the one used

in {4) is usually observed when atmospheric turbulence is

. | i [ L il s
sl 0l o o o b s e ] b b, m:u.‘dkwhlmwmw:w;‘!‘HNWMWWMMMMWW\WMMWMHM\MWWMWMWMMJMW‘MMMNMW%HM&U&HMMM

significant. The associated autocorrelation function p(1)

and Fourier transform G(w) are given by

11
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1

—

]

2
p(t) exp - [( 210 ) ] (18)
3

G(w) (4n02) exP(-Hozwz) (19)

L}

The performances of the MLE and the MEM are compared as shown
in Fig. 3. The standard deviation i and the bias bx of the
position estimation are plotted against the target separation
Ax for SNR = 20 and 10. For either of these two methods, it can
be observed that the performance degrades when Ax becomes smaller
or when SNR is reduced. However when compared with each other,
it is obvious that the MLE is better than the MEM in the sense
of smaller Oy and bx for almost all combinations of Ax and SNR.

From Fig. 3, it can also be seen that the two targets behave
like isolated targets for larger Ax(e.g., > 30) where Oy and bx
remain almost constant., If the effect of 6x (egual to 1) on the
estimation accuracy is taken into consideration, it is acceptable
to say, based on data from Fig. 3, that in this separation range
either MEM or MLE is almost unbiased (bxiéx) and their standard
deviations are close to the square root of the Cramer~Rac bound*
for a single target which is equal to .707 for SNR=20 and 1l.4l4

4
The Cramer-Rao bound (CRB) is the lower bound on the variance of
an unbiased estimator, For a single target, the CRB of the position estimate

is equal to 1/(SNR+B)2 where B defined as B%= f"u"c% () dw/ [ ¢ (w)dw is
the so~called root-mean-sguare bandwidths 1In exampléwl, B=,0707.
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Fig. 3(a). Performance comparison of MLE and MEM, example 1.
Estimatimation bias, b,, is plotted as a function of target

separation, Ax; Ax is normalized with o of g{x).
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Fig. 3(b). Performance comparison of MLE and MEM, example 1.
Estimation standard deviation, o,, is plotted as a function of
target separation Ax. Both Oy and Ax are normalized with ¢ of
g(x).
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Example 2:

g(x) = (3/2)" sin’(mx)/ (7x)2, x=6/()\/D) (20)
N=128

§ =.1
x

Here g(x) is the blur function due to a slit aperture with
length equal to O. The classical Rayleigh resolving power in
angle (8) for this type of aperture is equal to )\/D where X\ is
the wavelength of the incident light. Tne associated p(t) and
G(w) are given in the following:

p(r) = ZLIzSin[2mT) (21)
2(m1)

1 - lul lw|<2m
Glw) =< (22)

0 otherwise

Note that this blur function is bandlimited,

Figure 4 shows the comparison o. the MLE and the MEM using
this example with SNR=20., Obviously, the MLE is much better than
the MEM in estimating the positions of the optical CSO's. Note
that the hump of the MLE o, curve is due to the first sidelobe

of g{x).

15
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Fig. 4(a). Performance comparison of MLE and MEM, example 2.
Estimation tias, bx' is plotted as a function of target sepa-
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Fig. 4(b). Performance comparison of VY".E and MEM, example 2,
Estimation standard deviation, O v is .otted as a function
of target separation Ax.
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Example 3:

This example deals with the CSO resolution in the

environment of a scanning detector. The problem has been treated i =
in [5) using the MLE. A brief descriptior is as follows. A
detector scans through the focal plane of an optical sensor on
which an image due to a pair of CSO's in the field-of-view of the =
sensor has been produced. The spatial structure of the 1image 1is ' g
thus converted into a temporal signal. Without loss of generality,
a unity scanning rate can be assumed so that the sgatial and timc
coordinates are equivalent., It is also assumed that the two CSO's
are lying in the scan direction (e.g., x-axis). The blur function
g(x) appearing in the signal model, Eq. (2?), is now given by the
convolution of the point spread function p{x,y) and the detector
response function d({x,y). Here in this example, p(x,v) 1s due to
an annular aperture with diameter equal to 2 X/D (X/D is the optical
diffraction limit) and obscuration coefficient eguai to 50%, and
d(x,y) is assumed to be uniform over the detector surfecce whose
dimensions a&e 2 A/D in scan direction and 6 A/D in cross-scan
direction.

In this example, no closed form expressions can be obtained
for g(x) and G{(w) and therefore they are computed numerically.
Sixty-four samples taken at .2 /D interval are used.

In Fig. 5, the root-mean-square {RMS) errors, e s of the 3

position estimation using MLE and MEM are plotted as functions of

18
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Fig. 5. Perfcrmance comparison of MLE and MEi4, example 3;
Position estimation RMS error as function of target separation.
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the target separation., Both variakles are expressed in terms

of the detector width in the scan direction. ©Note that )
&
2

e, = (bi + ox) . Again, it 1is obvious that the MLE can resolve the

CSO's much better than the MEM in this example.
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IV. CONCLUSION

Based on simulation results with three diverse examples,

it can be concluded that the maximum entropy method, as compared

to the maximum likelihood estimator, is not an outstanding approach

for increasing the resolution of two closely spaced optical point
targets particularly in the presence of noise. The difficulty
with the MEM lies in the fact that it is derived without considering

the measurement noise and it can only depend on the windowed inverse

filter to reduce the noise effect. Although some modifications

including the noise compensation scheme [9] and another maximum

entropy formulation [l10]) have been proposed to deal with the noise,

the results are still not very convincing. Besides, the simplicity

of the MEM has been lost in these new approaches,

=
=
E ]

=

. " ‘ m ‘
b, LR sl it wmmmmum-mmmmmmm.umM‘J‘M\t.lmmmu\uMﬂmmmmmwﬂwMmmnmM..MWMHM.MM

ol s L

il Juhwal i

et Ll o]l

sl

Ll

IV P




il

T

ol

ACKNOWLEDGMENT

The author wishes to thank Dr S. D, Weiner for his careful
review of this report and to thank Dr, R. W, Clayton of
University of British Columbia, Canada, for providing me with
a reference computer program. The skillful typiang of C. A,

Tisdale is also acknowledged.

ol
i u\m L

e i

ULl

-
" [
otk .1l b e i . s

I

Uil il it

‘T_ e Al il i




o T 7

e

2.

3,

9.

l0.

B. R. Frieden, "Image Enhancement anrd Restoration,” in Topics
in Applied Physics, Vol. 6, edited by 7. S. Huang (Springer-

REFERENCES i3

Verlag, New York, 1979), pp. 177-248,

J. P. Burg, "Maximum Entropy Spectral Analysis," in 37th Int. ]2
Soc. Exploration Geophysicists, Oklahoma City, 31 October

I
s S i

il

el

1967.

J. T+ Toomey, "High=Resolution Frequency Measurement by
Linear Prediction," IEEE Trans. Aerospace Electron Systems

AES-16, 517 (1980).

R. W. Clayton, and T. J. Ulrych, "A Restoration Method for
Impulsive Functions," IEEE Trans, Inf. Theory 1IT-23, 262

(1977).

M. J. Tsai, "Simulation Study on Detection and Estimation
of Closely Spaced Optical Targets," Technical Note 1980-19,

Lincoln Laboratory, M.I.T.

A, Zielinski,

J. A, Edward and M. M. Fitelson, "Notes on Maximum-Entropy
Processing," 1EEE Trans, Inf. Theory IT-19, 232 (1973).

T. J. Ulrych and T. N. Bishop, "Maximum Entropy Spectral
Analysis and Autoregressive Decomposition," Rev. Geophys.

13, 183 (1975).

B. R. Frieden,

S. M. Kay,

“Resolution of Voerlapping Echo Signals in
Sonar/Radar Systems," IEEE Trans. Commun. COM-27, 1321 (1979).

"Restoring With Maximum Likelihood and Max-
imun Entropy,” J. Opt. Soc. Am. 62, 511 (1972).

"Noise Compensation for Autoregressive Spectral
Estimation,"” IEEE Trans. Acoust. Speech, and Signal Pro-
cessing ASSP-28, 292 (1980).

23

Wlbni,

oot

(18 March 1980), DTIC AD-AJ88098/9.

(o gl

U

L sl

il 1

RPN

2 s

osth, ="

bt

1 ol

L o)




UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (@Aen Doso Ensered)

A - READ INSTRUCTIONS
e REPORT DOCUMENTATIG:! PAGE BEFORE COMPLETING FORM

N QEPORIFMQ*" 7. GOVT ACCESSION NO. | 3. RECIFIENT'S CATALOG NUMBER

ESDJTR-81-79 &/ D- 4700 y/ 7, _

: % TITLE {and Sebuitie) 57 TYPE OF REPORT & PERIOD COVERED
. Resolution of Closely Spaced Cpticai Targets :
( <4 , Using Maximum Likelihood Estimator and Maximum
\1" i Entropy Method: A Comparison Study .

Technical RepoXt .
v

N

[ —— T ——————

6. PERFORMING ORG. REPORT NUMBER
Technical Report 557
- 8. CONTRACY OR GRANT NUMBER(4)

7. AUTHOR(s)

| ) Ming-jer Tsal “ 1. F19628-80-C-0002+

~

i

9. PERFORMING ORGANIZATION NAME AND ADORESS 10. PROGRAM ELEMENT, PROJECT, TASK

Lincoln Laborator M.I.T. ¢ AREA & WORK UNIT NUMBERS
P.O. Box 73 v Y Program Element Nos, 63304A and
Lexington, MA 02173 63308A

. cgulvliiioaurﬁlo#ﬁceon?ue Aug Aooaessom - 12 REPORT DATE

allistic Missile Delense Program ce
Department of the Army il /, 3 March 19?}
5001 Eisenhower Avenue —7 113, NUMBER OF PAGES
Alexarxirlia, VA 22333 30

14. MCNITORING AGENCY NAME & ADORESS /1] differens from Comirolling Office) 15, SECURITY CLASS. /of thus report;
Flectronic systems Division e Unclassitied
Bedford, MA 0173t |, . . . ' 15a DECLASSIFICATION DOWNGRADING

I it ; SOEDUL €

6. OISTRIBUTION STATEMENT (uf this Repory)

Approved for public release; distribution unlimited,

17. DISTRIBUTION STATEMENT /of the abssrace anierad sn Block 20, +f differens from Report)

18, SUPPLEMENTARY NOTES

None

. KEY WORDS (Cantinun on reverse ssde 1f neceasary ond identify by hlock number/

maximum likelihood estimator
maximum entiopy

1 R S
<

closely spaced targets 3
Monte Carlo

20. ADSTRACT (Canninue on raverse side if nacessary ond idraiify by dlock number) - E

The capabllities of the maximum likelthood esumator (MLE) and the maximum cntropy method (Mf:M) :
in resolving closely spaced optical point targets are compared using Monte Carlo simulation results for 3

three different examples. It 15 found that the MEM 18 very sensitive to the nolse and that the MLE performs ’
better than the MEM in all examples,

FORM 5
DD Y AR 43 1473 EDITION OF ) NOV 65 18 OBSOLETE UNCLASSIEIED
SECURITY CLASSIFICATION OF THIS PAGE ‘Bhen [latn Futersd)

A e



